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ADDITIVE UNIQUENESS OF PRIMES− 1
FOR MULTIPLICATIVE FUNCTIONS
POO-SUNG PARK
Abstract. Let PRIMES be the set of all primes. We show that a multiplicative
function which satisfies
f(p + q − 2) = f(p) + f(q)− f(2) for p, q ∈ PRIMES
is one of the following:
(1) f is the identity function
(2) f is the constant function with f(n) = 1
(3) f(n) = 0 for n ≥ 2 unless n is odd and squareful.
As a consequence, a multiplicative function which satisfies
f(a + b) = f(a) + f(b) for a, b ∈ PRIMES − 1
is the identity function.
1. Introduction
Let PRIMES be the set of all primes. Denote the set of numbers which are one
less than prime numbers by PRIMES− 1. That is,
PRIMES− 1 = {1, 2, 4, 6, 10, 12, 16, 18, 22, 28, 30, 36, 40, 42, . . .}.
In 1992, Claudia Spiro [11] called a set E ⊆ N additive uniqueness set for the set
S of arithmetic functions, if there exists exactly one element f ∈ S which satisfies
f(a+ b) = f(a) + f(b) for all a, b ∈ E.
She showed that PRIMES is the additive uniqueness set for the set
{f multiplicative, f(p0) 6= 0 for some prime p0}.
Many mathematicians have studied similar themes since Spiro’s article. One can
find various papers [1, 2, 3, 4, 5, 6, 7, 8, 9]. In this article, we show that PRIMES− 1
is the additive uniqueness set for the set of multiplicative functions without the
condition f(p0) 6= 0. This shows that there exists an additive uniqueness set of the
same density as PRIMES for multiplicative functions.
Furthermore, we characterize multiplicative functions satisfying
f(p+ q − 2) = f(p) + f(q)− f(2) for all p, q ∈ PRIMES.
This is also a variation of [2], which proved that if 1 ≤ n0 ≤ 10
6 and the
multiplicative function f satisfies
f(p+ q + n0) = f(p) + f(q) + f(n0)
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for p, q ∈ PRIMES, then f(n) = n for all n ≥ 1 or f(n) = 0 for all n ≥ 2.
2. Results
Lemma 1. If a multiplicative function f satisfies
f(a+ b) = f(a) + f(b)
for arbitrary a, b ∈ PRIMES− 1, then f satisfies
f(p+ q − 2) = f(p) + f(q)− f(2)
for arbitrary p, q ∈ PRIMES.
Proof. Note that f(2) = f(1) + f(1) = 2. For p prime and q = 2, we have that
f(p) = f
(
(p− 1) + (2− 1)
)
= f(p− 1) + f(1).
Thus, f(p+ q − 2) = f(p− 1) + f(q − 1) = f(p) + f(q)− f(2). 
Now we investigate the multiplicative function satisfying f(p+ q − 2) = f(p) +
f(q)− f(2) rather than f
(
(p− 1) + (q − 1)
)
.
Lemma 2. If a multiplicative function f satisfies
f(p+ q − 2) = f(p) + f(q)− f(2)
for arbitrary p, q ∈ PRIMES, then f(2) = 0, 1, or 2. Also, f(n) is determined for
3 ≤ n ≤ 18 according to f(2). But, f(9) is not determined when f(2) = 0.
Proof. Since f is multiplicative, we have f(1) = 1. From the equalities
f(4) = f(3 + 3− 2) = f(3) + f(3)− f(2)
f(6) = f(3 + 5− 2) = f(3) + f(5)− f(2)
= f(2)f(3)
f(8) = f(3 + 7− 2) = f(3) + f(7)− f(2)
= f(5 + 5− 2) = f(5) + f(5)− f(2)
f(10) = f(5 + 7− 2) = f(5) + f(7)− f(2)
= f(2)f(5)
f(12) = f(3 + 11− 2) = f(3) + f(11)− f(2)
= f(7 + 7− 2) = f(7) + f(7)− f(2)
= f(3)f(4)
f(20) = f(11 + 11− 2) = f(11) + f(11)− f(2)
= f(4)f(5)
we obtain three cases:
f(2) = 2, f(3) = 3, f(4) = 4, f(5) = 5, f(7) = 7, f(8) = 8, f(11) = 11;
f(2) = 1, f(3) = 1, f(4) = 1, f(5) = 1, f(7) = 1, f(8) = 1, f(11) = 1;
f(2) = 0, f(3) = 0, f(4) = 0, f(5) = 0, f(7) = 0, f(8) = 0, f(11) = 0.
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Besides, since
f(16) = f(5 + 13− 2) = f(5) + f(13)− f(2)
= f(7 + 11− 2) = f(7) + f(11)− f(2)
f(18) = f(3 + 17− 2) = f(3) + f(17)− f(2)
= f(7 + 13− 2) = f(7) + f(13)− f(2)
= f(2)f(9),
we can conclude that for 3 ≤ n ≤ 18
f(n) =


n if f(2) = 2,
1 if f(2) = 1,
0 if f(2) = 0 and n 6= 9.

Theorem 1. If a multiplicative function f satisfies
f(p+ q − 2) = f(p) + f(q)− f(2)
for arbitrary p, q ∈ PRIMES and f(2) = 2, then f is the identity function.
The following corollary follows immediately.
Corollary 1. PRIMES is an additive uniqueness set for the set of multiplicative
functions.
To prove the theorem we need some lemmas. In the first step, we use the fact
that every even positive integer smaller than some upper bound is expressible as
the sum of two primes. In the second step, we apply the theorem that almost every
even number is the sum of two primes.
Lemma 3. Let f satisfy the hypothesis of Theorem 1. If every even number 2m,
with 4 ≤ 2m ≤ 2N , can be written as the sum of two primes, then we have f(n) = n
for all n ≤ N − 2.
Proof. The proof is almost identical to [11, p.237 Proof of Lemma 4]. For conve-
nience we write the proof here.
By the Lemma 2, we have that f(n) = n for 1 ≤ n ≤ 18. Assume that M is an
integer with 18 ≤ M ≤ N − 3 and that we have f(n) = n for all n ≤ M . We will
show that f(M + 1) = M + 1.
If M + 1 is even, then M + 3 is sum of two primes, say p and q. Thus,
f(M + 1) = f(p+ q − 2) = f(p) + f(q)− f(2) = M + 1.
Now, suppose that M +1 is odd. If M +1 is prime, then let q ∈ {3, 5} be chosen
so that M + 1 + q ≡ 0 (mod 4). Note that
f(M + 1 + q − 2) = f(M + 1) + f(q)− f(2)
and thus
f(2)f
(
M + 1 + q − 2
2
)
= f(M + 1) + f(q)− f(2)
by the multiplicity of f . Since f(n) = n for n ≤ M ,
2
(
M + 1 + q − 2
2
)
= f(M + 1) + q − 2
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from which it follows that f(M + 1) = M + 1.
If M + 1 = ab with relatively primes a < M and b < M , then f(M + 1) =
f(ab) = f(a)f(b) = M + 1. Thus, it remains to show f(M + 1) = M + 1 when
M + 1 is a power of an odd prime.
Asume that there exist two primes p and q satifying 2(M + 1) + 2 = p+ q with
p < (M + 1) + 1 < q.
f
(
2(M + 1)
)
= 2f(M + 1) = f(p) + f(q)− f(2) = p+ f(q)− 2
Choose a prime r ∈ {3, 5, 7, 17} such that q + r ≡ 6 (mod 8). Then,
f(q + r − 2) = f(q) + f(r) − f(2) = f(q) + r − 2
and
f(q + r − 2) = f(4)f
(
q + r − 2
4
)
= 4 ·
q + r − 2
4
from q+r−2
4
< M .
Hence, f(M + 1) = M + 1. The lemma is proved. 
If the famous Goldbach Conjecture could be proved true, Theorem 1 would be
true. But, Goldbach Conjecture is not yet proved. It was numerically verified up
to 4× 1018 [10].
To bypass the Goldbach Conjecture, we construct a specific setH and use the fact
that the set of even integers which are not the sum of two primes has density zero.
In the following lemma, vp(n) means the exponent of p in the prime factorization
of n when p is a prime and n is a positive integer. The set H was defined by Spiro
and the numerical verification of Goldbach Conjecture was up to 2 × 1010 at that
time. We would call the set H in the lemma the Spiro set.
Lemma 4. Let
H = {n | vp(n) ≤ 1 if p > 1000; vp(n) ≤ ⌊9 logp 10⌋ − 1 if p < 1000}.
For any integer m > 1010, there is an odd prime q ≤ m− 1 such that m+ q ∈ H.
Proof. This lemma is the consequence of [2, Lemma 2.4] which follows the proof of
[11, Lemma 5]. 
The Spiro set H is composed of the following prime powers and their products:
2, 22, . . . , 229, 3, 32, . . . , 318,
5, 52, . . . , 512, 7, 72, . . . , 710,
11, 112, . . . , 118, 13, 132, . . . , 138,
17, 172, . . . , 177, 19, 192, . . . , 197,
p, p2, . . . , p6 for p = 23, 29, 31,
q, q2, . . . , q5 for q = 37, 41, . . . , 61,
r, r2, r3, r4 for r = 67, 71, . . . , 173,
s, s2, s3 for s = 179, 181, . . . , 997,
1009, 1013, 1019, 1021, 1031, 1033, 1039, . . . .
The smallest positive integer which is not in H is 10092 = 1018081. Clearly, every
divisor of an element of H is also in H .
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Lemma 5 ([11, Lemma 7]). For any positive integer n, put
Hn =
{
{mn : m ∈ H, (m,n) = 1} if 2 | n;
{2mn : 2m ∈ H, (m,n) = 1} if 2 ∤ n.
Then Hn satisfies the following properties:
(1) Every element of Hn is even.
(2) The set Hn has positive lower density.
Lemma 6 ([11, Lemma 6]). Almost every even positive integer is expressible as
the sum of two primes.
Lemma 7. Provided f(2) = 2, then f(n) = n for all n ∈ H.
Proof. If n < 1010, then f(n) = n from Lemma 3 and the numerical verification of
Goldbach Conjecture. Let n ∈ H with n > 1010 and assume that f(m) = m for all
m ∈ H with m < n. If n is not a prime power, then f(n) = f(a)f(b) with (a, b) = 1
and a, b > 1. Since f(a) = a and f(b) = b by the induction hypothesis, f(n) = n.
Now, if n is a prime power, then n is a prime by the definition of H . We have
that there exists an odd prime q < n−2 with (n−2)+ q ∈ H by Lemma 4. Since n
is odd, n+ q−2 is even and thus n+ q−2 = 2sk with 1 ≤ s ≤ 29 and k odd. Then,
f(2s) = 2s and f(k) = k by the induction hypothesis since 2s < 1010 < n and
k < n. Since n is prime, f(n) = f(n+q−2)−f(q)+2 = (n+q−2)−q+2= n. 
Proof of Theorem 1. If the theorem is false, let n be the minimal counterexample.
Clearly, n > 1010. Consider k ∈ Hn. Then, n | k, (k/n, n) = 1, and k/n ∈ H .
We can deduce that
f(k) = f(n)f
(
k
n
)
= f(n)
k
n
for all k ∈ Hn, since f(k/n) = k/n by Lemma 7.
Note that H contains all primes. Thus, f(p) = p for p ∈ PRIMES. If k = p+ q−2
for some p, q ∈ PRIMES, then f(k) = f(p) + f(q) − f(2) = k and thus f(n) = n.
But, since we choose n to be the counterexample, no element k ∈ Hn can be of the
form p+q−2. That is, k+2 cannot be expressible as the sum of two primes, which
contradicts Lemma 6 by Lemma 5.
Ergo, f(n) = n for all positive integers n.

Theorem 2. If a multiplicative function f satisfies
f(p+ q − 2) = f(p) + f(q)− f(2)
for arbitrary p, q ∈ PRIMES and f(2) = 1, then f(n) = 1 for all positive integers n.
Proof. We can prove in the way similar to the proof of Theorem 1 under the con-
dition f(2) = 1. 
Theorem 3. If a multiplicative function f satisfies
f(p+ q − 2) = f(p) + f(q)− f(2)
for arbitrary p, q ∈ PRIMES and f(2) = 0, then f(n) vanishes when n is even or
nonsquareful. Besides, f(ps) can be assigned to be an arbitrary number for odd
p ∈ PRIMES and s ≥ 2.
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Proof. We have that f(p) = 0 for p prime ≤ 18 by Lemma 2. Let p be a prime
≥ 19. We choose q ∈ {3, 5} such that p+ q ≡ 0 (mod 4). Then
f(p+ q − 2) = f(p) + f(q)− f(2) = f(p)
= f(2)f
(
p+ q − 2
2
)
= 0.
So, f(p) = 0 and thus f(n) = 0 for every nonsquareful integer n.
We can reason that f(2n) = 0 in the way similar to the proof of Theorem 1.
Thus, f(2s) = 0 for every positive integer s.
Note that f(2sk) = f(2s)f(k) = 0 gives no information about f(k) when k is
odd. Also, if n = p+ q − 2 is odd, then it is possible only when n itself is a prime
and q = 2. Thus we cannot determine f(ps) for p prime and s ≥ 2. 
Remark 1. If f is completely multiplicative, then, clearly, f(n) = 0 for all n ≥ 2.
If not, we can freely construct a multiplicative function f .
For example, let a multiplicative function f be defined as
f(n) =
{
1 if n is odd and squareful,
0 otherwise.
Then, f satisfies the condition f(p+q−2) = f(p)+f(q)−f(2) for all p, q ∈ PRIMES.
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